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Frqvlvwhqw Whvwlqj iru Vwrfkdvwlf Grplqdqfh= D
Vxevdpsolqj Dssurdfk
Rolyhu Olqwrq
Orqgrq Vfkrro ri Hfrqrplfv
Hvidqgldu Pddvrxpl|
Vrxwkhuq Phwkrglvw Xqlyhuvlw|
\rrq0Mdh Zkdqj}
Hzkd Xqlyhuvlw|
Iheuxdu| 46/ 5335
Devwudfw
Zh sursrvh d surfhgxuh iru hvwlpdwlqj wkh fulwlfdo ydoxhv ri wkh Nohfdq/ PfIdgghq/ dqg
PfIdgghq +4<<3, whvw iru uvw dqg vhfrqg rughu vwrfkdvwlf grplqdqfh lq wkh jhqhudo n0survshfw
fdvh1 Rxu phwkrg lv edvhg rq vxevdpsolqj errwvwuds1 Zh vkrz wkdw wkh uhvxowlqj whvw lv
frqvlvwhqw1 Zh doorz iru fruuhodwlrq dprqjvw wkh survshfwv dqg iru wkh revhuydwlrqv wr eh dxwr0
fruuhodwhg ryhu wlph1 Lpsruwdqwo|/ wkh survshfwv pd| eh wkh uhvlgxdov iurp fhuwdlq frqglwlrqdo
prghov1
Ghsduwphqw ri Hfrqrplfv/ Orqgrq Vfkrro ri Hfrqrplfv/ Krxjkwrq Vwuhhw/ Orqgrq ZF5D 5DH/ Xqlwhg Nlqjgrp1
H0pdlo dgguhvv= olqwrqrCovh1df1xn1 L zrxog olnh wr wkdqn wkh Hfrqrplf dqg Vrfldo Uhvhdufk Frxqflo ri wkh Xqlwhg
Nlqjgrp dqg wkh Frzohv Irxqgdwlrq iru qdqfldo vxssruw1
|Ghsduwphqw ri Hfrqrplfv/ Vrxwkhuq Phwkrglvw Xqlyhuvlw|/ Gdoodv/ Wh{dv/ :85:8037<91 Hpdlo=
pddvrxplCpdlo1vpx1hgx
}Ghsduwphqw ri Hfrqrplfv/ Hzkd Xqlyhuvlw|/ Vhrxo 4530:83/ Nruhd1 Hpdlo dgguhvv= zkdqjChzkd1df1nu L zrxog
olnh wr wkdqn wkh krvslwdolw| ri wkh Frzohv Irxqgdwlrq gxulqj p| ylvlwv1 Wklv zrun zdv vxssruwhg e| wkh Nruhd
Uhvhdufk Irxqgdwlrq yld judqw qxpehu NUI0533403740F334<;1
4
4 Lqwurgxfwlrq
Wkhuh lv d frqvlghudeoh lqwhuhvw lq xqlirup zhdn rughulqj ri lqyhvwphqw vwudwhjlhv/ zhoiduh rxwfrphv
+lqfrph glvwulexwlrqv/ sryhuw| ohyhov,/ dqg lq surjudp hydoxdwlrq h{huflvhv1 Sduwldo vwurqj rughuv duh
pruh frpprqo| xvhg rq wkh edvlv ri vshflf xwlolw| +orvv, ixqfwlrqv1 Wklv lv grqh zkhq rqh hpsor|v
lqglfhv ri lqhtxdolw| ru sryhuw| lq zhoiduh/ phdq0yduldqfh +uhwxuq0yrodwlolw|, dqdo|vlv lq qdqfh/ ru
shuirupdqfh lqglfhv lq surjudp hydoxdwlrq1
Wkh prvw srsxodu xqlirup rughu uhodwlrqv duh wkh Vwrfkdvwlf Grplqdqfh +VG, uhodwlrqv ri ydulrxv
rughuv/ edvhg rq wkh h{shfwhg xwlolw| sdudgljp dqg lwv pdwkhpdwlfdo uhjxodulw| frqglwlrqv1 Wkh
iroorzlqj eulhi ghqlwlrqv zloo eh xvhixo=
Ohw f dqg f2 eh wzr yduldeohv +lqfrphv/ uhwxuqv2survshfwv, dw hlwkhu wzr glhuhqw srlqwv lq
wlph/ ru iru glhuhqw uhjlrqv ru frxqwulhv/ ru zlwk ru zlwkrxw d surjudp +wuhdwphqw,1 Ohw f& /
 ’ c    c  ( & ’ c    c g ghqrwh wkh qrw qhfhvvdulo| l1l1g1 revhuydwlrqv1 Ohw X ghqrwh wkh fodvv ri
doo yrq Qhxpdqq0Prujhqvwhuq w|sh xwlolw| ixqfwlrqv/ / vxfk wkdw   3/ +lqfuhdvlqj,1 Dovr/ ohw X2
ghqrwh wkh fodvv ri doo xwlolw| ixqfwlrqv lq X iru zklfk   f +vwulfw frqfdylw|,/ dqg X ghqrwh d
vxevhw ri X2 iru zklfk   f1 Ohw fER dqg fE2R ghqrwh wkh R0wk txdqwlohv/ dqg 8E% dqg 82E%
ghqrwh wkh fxpxodwlyh glvwulexwlrq ixqfwlrqv/ uhvshfwlyho|1
Ghqlwlrq 4 f Iluvw Rughu Vwrfkdvwlf Grplqdwhv f2/ ghqrwhg f s f2/ li dqg rqo| li=
+4, .dEfo  .dEf2o iru doo  5 Xc zlwk vwulfw lqhtxdolw| iru vrph x> Ru
+5, 8E%  82E% iru doo % 5 [ / wkh vxssruw ri f&/ zlwk vwulfw lqhtxdolw| iru vrph %> Ru
+6, fER  fE2R iru doo f  R  / zlwk vwulfw lqhtxdolw| iru vrph R1
Ghqlwlrq 5 f Vhfrqg Rughu Vwrfkdvwlf Grplqdwhv f2/ ghqrwhg f r f2/ li dqg rqo| li rqh ri
wkh iroorzlqj htxlydohqw frqglwlrqv krogv=
+4, .dEfo  .dEf2o iru doo  5 X2/ zlwk vwulfw lqhtxdolw| iru vrph x> Ru=
+5,
U %
3"
8E|_| 
U %
3"
82E|_| iru doo % 5 [ / zlwk vwulfw lqhtxdolw| iru vrph %(Ru=
+6, xER ’
U R
f
fE|_|  x2ER ’
U R
f
fE2|_| iru doo f  R  / zlwk vwulfw lqhtxdolw| iru vrph
ydoxh+v, R1
Zhdn rughuv ri VG rewdlq e| holplqdwlqj wkh uhtxluhphqw ri vwulfw lqhtxdolw| dw vrph srlqw1
Zkhq wkhvh frqglwlrqv duh qrw phw/ dv zkhq hlwkhu Oruhq} ru Jhqhudol}hg Oruhq} Fxuyhv ri wzr
glvwulexwlrqv furvv/ xqdpeljxrxv Iluvw dqg Vhfrqg rughu VG lv qrw srvvleoh1 Dq| sduwldo rughulqj e|
vshflf lqglfhv wkdw fruuhvsrqg wr wkh xwlolw| ixqfwlrqv lq X dqg X2 fodvvhv/ zloo qrw hqmr| jhqhudo
5
frqvhqvxv1 Zklwpruh lqwurgxfhg wkh frqfhsw ri wklug rughu vwrfkdvwlf grplqdqfh +WVG, lq qdqfh/
vhh +h1j1, Zklwpruh dqg Ilqgoh| +4<:;,1 Vkruurfnv dqg Irvwhu +4<;:, vkrzhg wkdw wkh dgglwlrq ri d
wudqvihu vhqvlwlylw| uhtxluhphqw ohdgv wr WVG udqnlqj ri lqfrph glvwulexwlrqv1 Wklv uhtxluhphqw lv
vwurqjhu wkdq wkh Sljrx0Gdowrq sulqflsoh ri wudqvihuv vlqfh lw pdnhv uhjuhvvlyh wudqvihuv ohvv ghvludeoh
dw orzhu lqfrph ohyhov1 Kljkhu rughu VG uhodwlrqv fruuhvsrqg wr lqfuhdvlqjo| vpdoohu vxevhwv ri X2
Gdylgvrq dqg Gxforv +5333, rhu d yhu| xvhixo fkdudfwhul}dwlrq ri wkhvh uhodwlrqv dqg wkhlu whvwv1
Ndkqhpdq dqg Wyhuvn| +4<:<, lqwurgxfhg wkh frqfhsw ri Survshfw Vwrfkdvwlf Grplqdqfh +SVG,>
d uhqhphqw ri wkh xvxdo grplqdqfh fulwhuld wkdw pd| ehwwhu uh hfw lqglylgxdo ehkdylrxu1 Ohw X eh
wkh vhw ri doo 70vkdshg xwlolw| ixqfwlrqv lq X iru zklfk E%  f iru doo % : f exw E%  f iru doo
% 	 f Wkhvh surshuwlhv uhsuhvhqw ulvn vhhnlqj iru orvvhv exw ulvn dyhuvlrq iru jdlqv14
Ghqlwlrq 6 f Survshfw Vwrfkdvwlf Grplqdwhv f2/ ghqrwhg f 7( f2/ li dqg rqo| li rqh ri wkh
iroorzlqj htxlydohqw frqglwlrqv krogv=
+4, .dEfo  .dEf2o iru doo  5 X / zlwk vwulfw lqhtxdolw| iru vrph x> Ru=
+5,
U %
+
8E|_| 
U %
+
82E|_| iru doo sdluv E%c + zlwk % : f dqg + 	 f zlwk vwulfw lqhtxdolw| iru
vrph +%c +( Ru=
+6,
U R2
R
fE|_| 
U R2
R
fE2|_| iru doo f  R  8Ef  82Ef  R2  / zlwk vwulfw lqhtxdolw| iru
vrph ydoxh+v, R1
Hfrqrphwulf whvwv iru wkh h{lvwhqfh ri VG rughuv lqyroyh frpsrvlwh k|srwkhvhv rq lqhtxdolw|
uhvwulfwlrqv1 Wkhvh uhvwulfwlrqv pd| eh htxlydohqwo| irupxodwhg lq whupv ri glvwulexwlrq ixqfwlrqv/
wkhlu txdqwlohv/ ru rwkhu frqglwlrqdo prphqwv1 Glhuhqw whvw surfhgxuhv pd| dovr glhu lq whupv ri
wkhlu dffrpprgdwlrq ri wkh lqhtxdolw| qdwxuh +lqirupdwlrq, ri wkh VG k|srwkhvhv1 D uhfhqw vxuyh|
lv jlyhq lq Pddvrxpl +5334,1
4Ndkqhpdq dqg Wyhuvn| +4<:<, dujxh wkdw lq pdnlqj ghflvlrqv xqghu xqfhuwdlqw|/ lqglylgxdov dfw dv li wkh| kdg
dssolhg prqrwrqlf wudqvirupdwlrqv wr wkh xqghuo|lqj suredelolwlhv ehiruh pdnlqj sd|r frpsdulvrqv1 Lq Wyhuvn|
dqg Ndkqhpdq +4<<5, wklv lghd lv uhqhg wr pdnh wkh fxpxodwlyh glvwulexwlrq ixqfwlrq ri sd|rv wkh vxemhfw ri wkh
wudqvirupdwlrq1 Wkxv/ lqglylgxdov zrxog frpsduh wkh glvwulexwlrqv I 
n
@ W +In,> zkhuh W lv d prqrwrqlf ghfuhdvlqj
wudqvirupdwlrq wkdw fdq eh lqwhusuhwhg dv d vxemhfwlyh uhylvlrq ri suredelolwlhv wkdw ydulhv dfurvv lqyhvwruv1 Rqh txhvwlrq
lv zkhwkhu vwrfkdvwlf grplqdqfh ^ri uvw/ vhfrqg/ ru kljkhu rughu‘ lv suhvhuyhg xqghu wudqvirupdwlrq/ ru udwkhu zkdw
lv wkh vhw ri wudqvirupdwlrqv xqghu zklfk dq rughulqj lv suhvhuyhg1 Dv Ohy| dqg Zlhqhu +4<<;, vkrz/ dq| prqrwrqlf
wudqvirupdwlrq suhvhuyhv uvw rughu vwrfkdvwlf grplqdqfh/ zkloh dq| prqrwrqlf dqg frqfdyh wudqvirupdwlrq suhvhuyhv
vhfrqg rughu grplqdqfh uhodwlrqv1 Wkh SVG surshuw| lv suhvhuyhg xqghu wkh fodvv ri prqrwrqlf wudqvirupdwlrqv wkdw
duh frqfdyh iru jdlqv dqg frqyh{ iru orvvhv1
6
PfIdgghq +4<;<, sursrvhg d jhqhudol}dwlrq ri wkh Nroprjrury0Vpluqry whvw ri Iluvw dqg Vhfrqg
rughu VG dprqj N survshfwv +glvwulexwlrqv, edvhg rq l1l1g1 revhuydwlrqv dqg lqghshqghqw survshfwv1
Nohfdq/ Pfidgghq/ dqg Pfidgghq +4<<4, h{whqghg wkhvh whvwv doorzlqj iru ghshqghqfh lq revhuyd0
wlrqv/ dqg uhsodflqj lqghshqghqfh zlwk d jhqhudo h{fkdqjhdelolw| dprqjvw wkh frpshwlqj survshfwv1
Vlqfh wkh dv|pswrwlf qxoo glvwulexwlrq ri wkhvh whvwv ghshqgv rq wkh xqnqrzq glvwulexwlrqv dqg sd0
udphwhuv/ wkh| sursrvhg d Prqwh Fduor surfhgxuh iru wkh frpsxwdwlrq ri fulwlfdo ydoxhv1 Pddvrxpl
dqg Khvkpdwl +5333, dqg Pddvrxpl hw do1 +4<<:, sursrvhg vlpsoh errwvwuds yhuvlrqv ri wkh vdph
whvwv zklfk wkh| hpsor|hg lq hpslulfdo dssolfdwlrqv1
Dowhuqdwlyh dssurdfkhv iru whvwlqj VG duh glvfxvvhg lq Dqghuvrq +4<<9,/ Gdylgvrq dqg Gxforv
+5333,/ Ndxu hw do1 +4<<7,/ Gdugdqrql dqg Iruflqd +5333,/ Elvkrs hw do1 +4<<;,/ dqg [x/ Ilvkhu/ dqg
Zlovrq +4<<8,/ wr qdph exw d ihz uhfhqw frqwulexwlrqv1 Wkh [x hw do1 +4<<8, sdshu lv dq h{dpsoh
ri wkh xvh ri 2 glvwulexwlrq iru whvwlqj wkh mrlqw lqhtxdolw| dprqjvw wkh txdqwlohv1 Wkh Gdylgvrq
dqg Gxforv +5333, lv wkh prvw jhqhudo dffrxqw ri wkh whvwv iru dq| rughu VG/ edvhg rq frqglwlrqdo
prphqwv ri glvwulexwlrqv dqg/ dv zlwk prvw ri wkhvh dowhuqdwlyh dssurdfkhv/ uhtxluhv frqwuro ri lwv
vl}h e| Vwxghqwl}hg pd{lpxpprgxoxv ru vlplodu whfkqltxhv1 Pddvrxpl +5334, frqwdlqv dq h{whqvlyh
glvfxvvlrq ri wkhvh dowhuqdwlyhv1 Wvh dqg ]kdqj +5333, surylgh vrph Prqwh Fduor hylghqfh rq wkh
srzhu ri wkhvh dowhuqdwlyh whvwv1
Zh sursrvh d vxevdpsolqj surfhgxuh iru hvwlpdwlqj wkh fulwlfdo ydoxhv ri wkh Nohfdq/ PfIdgghq/
dqg PfIdgghq +4<<4, whvw iru uvw/ vhfrqg rughu/ dqg survshfw vwrfkdvwlf grplqdqfh lq wkh jhqhudo
n0survshfw fdvh1 Rxu phwkrg lv edvhg rq vxevdpsolqj errwvwuds1 Zh suryh wkdw wkh uhvxowlqj whvw
lv frqvlvwhqw1 Rxu vdpsolqj vfkhph lv txlwh jhqhudo= iru wkh uvw wlph lq wklv olwhudwxuh/ zh doorz
iru jhqhudo ghshqghqfh dprqjvw wkh survshfwv/ dqg iru wkh revhuydwlrqv wr eh dxwrfruuhodwhg ryhu
wlph1 Wklv lv hvshfldoo| qhfhvvdu| lq vxevwdqwlyh hpslulfdo vhwwlqjv zkhuh lqfrph glvwulexwlrqv/ vd|/
duh frpsduhg ehiruh dqg diwhu wd{hv ru vrph rwkhu srolf| ghflvlrq/ ru uhwxuqv rq glhuhqw ixqgv
duh frpsduhg lq wkh vdph ru lqwhufrqqhfwhg pdunhwv1 Zh dovr doorz wkh survshfwv wkhpvhoyhv wr
eh uhvlgxdov iurp vrph hvwlpdwhg prgho1 Wklv odwwhu jhqhudolw| fdq eh lpsruwdqw li rqh uvw zdqwv
wr dgmxvw iru v|vwhpdwlf hhfwv ehiruh frpsdulqj glvwulexwlrqv1 Zh lqyhvwljdwh wkh qlwh vdpsoh
shuirupdqfh ri rxu phwkrg rq vlpxodwhg gdwd1
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5 Wkh Whvw Vwdwlvwlfv
Zh vkdoo vxssrvh wkdw wkhuh duh g survshfwv fc    c f& dqg ohw D ’ if& G & ’ c    c gj Ohw
if& G  ’ c    c j eh uhdol}dwlrqv ri f& iru & ’ c    c g Vxssrvh qrz wkdw if& G  ’ c    c j
duh xqrevhuyhg huuruv lq wkh olqhdu uhjuhvvlrq prgho=
t& ’ ~

&w&f nf&c
iru  ’ c    c  dqg & ’ c    c gc zkhuh/ t& 5 Uc ~& 5 Uu dqg w&f 5 X&  Uu1 Zh vkdoo
vxssrvh wkdw .Ef&m~& ’ f d1v1 dv zhoo dv rwkhu frqglwlrqv rq wkh udqgrp yduldeohv f&c t&1 Zh
doorz iru vhuldo ghshqghqfh ri wkh uhdol}dwlrqv dqg iru pxwxdo fruuhodwlrq dfurvv survshfwv1 Ohw
f&Ew ’ t&  ~ &wc f& ’ f&Ew&fc dqg ef& ’ f&Eew&c zkhuh ew& lv vrph vhqvleoh hvwlpdwru ri
w&f zkrvh surshuwlhv zh ghwdlo ehorz/ l1h1/ wkh survshfwv fdq eh hvwlpdwhg iurp wkh gdwd1 Vlqfh zh
kdyh d olqhdu prgho/ wkhuh duh pdq| srvvleoh zd|v ri rewdlqlqj frqvlvwhqw hvwlpdwhv ri wkh xqnqrzq
sdudphwhuv1 Wkh prwlydwlrq iru frqvlghulqj hvwlpdwhg survshfwv lv wkdw zkhq gdwd lv olplwhg rqh
pd| zdqw wr xvh d prgho wr dgmxvw iru v|vwhpdwlf glhuhqfhv1 Frpprq sudfwlfh lv wr jurxs wkh
gdwd lqwr vxevhwv/ vd| ri idplolhv zlwk glhuhqw vl}hv/ ru e| hgxfdwlrqdo dwwdlqphqw/ ru vxejurxsv ri
ixqgv e| lqyhvwphqw jrdov/ dqg wkhq pdnh frpsdulvrqv dfurvv krprjhqrxv srsxodwlrqv1 Zkhq gdwd
duh olplwhg wklv fdq eh gl!fxow15 Lq dgglwlrq/ wkh suholplqdu| uhjuhvvlrqv pd| lghqwli| fdxvhv ri
glhuhqw rxwfrphv zklfk pd| eh ri vxevwdqwlyh lqwhuhvw dqg xvhixo wr frqwuro iru1
Iru & ’ c    cgc ghqh
8&E%c w ’  Ef&Ew  % dqg
8&E%c w ’


[
'
 Ef&Ew  % 
Zh ghqrwh 8&E% ’ 8&E%c w&f dqg 8&E% ’ 8&E%c w&fc dqg ohw 8 E% eh wkh mrlqw f1g1i1 ri
Efc    c f&
 Qrz ghqh wkh iroorzlqj ixqfwlrqdov ri wkh mrlqw glvwulexwlrq
_W ’ 4?
& ',
tT
%Mc
d8&E% 8,E%o +4,
rW ’ 4?
& ',
tT
%Mc
] %
3"
d8&E| 8,E|o _| +5,
RW ’ 4?
& ',
tT
%c3+Mcn
] %
+
d8&E| 8,E|o _|c +6,
5Dqrwkhu zd| ri frqwuroolqj iru v|vwhpdwlf glhuhqfhv lv wr whvw d k|srwkhvlv derxw wkh frqglwlrqdo f1g1i1*v ri \n
jlyhq ]n= Vlplodu uhvxowv fdq eh hvwdeolvkhg lq wklv fdvh1
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zkhuh [ ghqrwhv wkh vxssruw ri f& dqg [n ’ i% 5 [ c % : fj Zh dvvxph wkdw [ lv d erxqghg vhw/
dv lq Nohfdq hw do1 +4<<3,1 Wkh k|srwkhvhv ri lqwhuhvw fdq qrz eh vwdwhg dv=
M_f G _
W  f r M_ G _W : f +7,
Mrf G r
W  f r Mr G rW : f +8,
MRf G R
W  f r MR G RW : f +9,
Wkh qxoo k|srwkhvlvM_f lpsolhv wkdw wkh survshfwv lqD duh qrw uvw0ghjuhh vwrfkdvwlfdoo| pd{lpdo/
l1h1/ wkhuh h{lvwv dw ohdvw rqh survshfw lq D zklfk uvw0ghjuhh grplqdwhv wkh rwkhuv1 Olnhzlvh iru wkh
vhfrqg rughu dqg survshfw vwrfkdvwlf grplqdqfh whvw1
Wkh whvw vwdwlvwlfv zh frqvlghu duh edvhg rq wkh hpslulfdo dqdorjxhv ri +4,0+6,1 Wkh| duh ghqhg
wr eh=
( ’ 4?
& ',
tT
%Mc
s

k
8&E%cew& 8,E%cew,l
7 ’ 4?
& ',
tT
%Mc
s

] %
3"
k
8&E|cew&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l _|
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s

] %
+
k
8&E|cew& 8, E|cew,l _|
Wkhvh duh suhflvho| wkh Nohfdq hw do1 +4<<3, whvw vwdwlvwlfv h{fhsw wkdw zh kdyh doorzhg wkh survshfwv
wr kdyh ehhq hvwlpdwhg iurp wkh gdwd1 Wkh frpsxwdwlrq ri wkhvh vwdwlvwlfv lv glvfxvvhg lq Nohfdq hw
do1 +4<<3, dqg lq rxu hpslulfdo vhfwlrq ehorz1
Lq frpsxwlqj wkh whvw vwdwlvwlfv wkhuh lv dq lvvxh ri krz wr dssur{lpdwh wkh vxsuhpxp lq ( c 7
dqg  c dqg wkh lqwhjudov lq 7 dqg   Rqh dssurdfk lv wr frpsxwh wkh pd{lpxp ryhu wkh gdwd
srlqwv/ dv lq Dqguhzv +4<<:,1 Zh wdnh wklv lvvxh xs odwhu lq wkh qxphulfdo vhfwlrq1
6 Dv|pswrwlf Qxoo Glvwulexwlrqv
614 Uhjxodulw| Frqglwlrqv
Zh qhhg wkh iroorzlqj dvvxpswlrqv wr dqdo|}h wkh dv|pswrwlf ehkdylru ri ( =
Dvvxpswlrq 4= +l, iEf& c ~& G  ’ c    c ?j lv d vwulfwo| vwdwlrqdu| dqg k0 pl{lqj vhtxhqfh
zlwk kE6 ’ E63 iru vrph  : 4@ iE’  E n ’*2c  n 2*Bj iru doo   &  gc zkhuh
’ lv dq hyhq lqwhjhu wkdw vdwlvhv ’ : 2Eu n  dqg B lv d srvlwlyh frqvwdqw wkdw dovr dsshduv lq
9
Dvvxpswlrq 5+ll, ehorz1 +ll, . n~&n2 	 4 iru doo   &  gc iru doo    +lll, Wkh frqglwlrqdo
glvwulexwlrq M&Em~& ri f& jlyhq ~& kdv erxqghg ghqvlw| zlwk uhvshfw wr Ohehvjxh phdvxuh d1v1
iru doo   &  gc iru doo   
Dvvxpswlrq 5= +l, Wkh sdudphwhu hvwlpdwru vdwlvhv
s
Eew&  w&f ’
E*
s

S
' K&f&Ef&c ~&c w&f n JREc zkhuh K&f lv d qrq0vwrfkdvwlf pdwul{ iru doo   &  g>
+ll, Wkh ixqfwlrq &E+c 5c w G UUuX$ Uu lv phdvxudeoh dqg vdwlvhv +d, .&Et&c ~&c w&f ’ f
dqg +e, . n&Et&c ~&c w&fn2nB 	4 iru vrph B : f iru doo   &  g/ iru doo   
Dvvxpswlrq 6= +l, Wkh ixqfwlrq 8&E%c w lv glhuhqwldeoh lq w rq d qhljkerukrrg Xf ri wf
iru doo   &  g> +ll, Iru doo vhtxhqfh ri srvlwlyh frqvwdqwv i1 G   j vxfk wkdw 1 $ fc
tT%Mc tTwG8w3wf8$1 nY8&E%c w*Yw {&fE%n $ f iru doo   &  gc zkhuh{&fE% ’ Y8&E%c w&f*Yw(
+lll, tT%Mc n{&fE%n 	4 iru doo   &  g
Iru wkh whvwv 7 dqg  zh qhhg wkh iroorzlqj prglfdwlrqv ri Dvvxpswlrq 6 uhvshfwlyho|=
Dvvxpswlrq 6W G +l, Dvvxpswlrq 6+l, krogv> +ll, Iru doo   &  g iru doo vhtxhqfh ri srvlwlyh
frqvwdqwv i1 G   j vxfk wkdw 1 $ fc tT%Mc tTwG8w3wf8$1
EY*Yw U %3" 8&E|c w_| \&fE%$
fc zkhuh \&fE% ’ EY*Yw
U
8&E+c w&f_+( +lll, tT%Mc n\&fE%n 	4 iru doo   &  g
Dvvxpswlrq 6WW G +l, Dvvxpswlrq 6+l, krogv> +ll, Iru doo   &  g iru doo vhtxhqfh ri srvlwlyh
frqvwdqwv i1 G   j vxfk wkdw 1 $ fc tT%c3+Mcn tTwG8w3wf8$1
EY*Yw U %+ 8&E|c w_| s&fE%c +$
fc zkhuh s&fE%c + ’ EY*Yw
U %
+
8&E|c w&f_|( +lll, tT%c3+Mcn ns&fE%c +n 	4 iru doo   &  g
Dvvxpswlrqv 6 dqg 6- +ru 6WW, glhu lq wkh dprxqw ri vprrwkqhvv uhtxluhg1 Iru vhfrqg rughu +ru
survshfw, vwrfkdvwlf grplqdqfh/ ohvv vprrwkqhvv lv uhtxluhg1
615 Wkh Qxoo Glvwulexwlrqv
Ghqh wkh hpslulfdo surfhvvhv lq %c w
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Ohw E h_&,E D &f D ,f  eh d phdq }hur Jdxvvldq surfhvv zlwk fryduldqfh ixqfwlrqv jlyhq e|
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 ’ *4
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Zh dqdorjrxvo| ghqh E hr&,E D &f D ,f  dqg E hR&,Ec  D &f D ,f  wr eh phdq }hur Jdxvvldq surfhvvhv
zlwk fryduldqfh ixqfwlrqv jlyhq e| rE%c %2 dqg RE%c +c %2c +2 uhvshfwlyho|1
Wkh olplwlqj qxoo glvwulexwlrqv ri rxu whvw vwdwlvwlfv duh jlyhq lq wkh iroorzlqj wkhruhp1
Wkhruhp 41 +d, Vxssrvh Dvvxpswlrqv 406 krog1 Wkhq/ xqghu wkh qxoo M_f c zh kdyh
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kh_&,E% n {&fE%K&fD&f {,fE%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zkhuh E_&, ’ i% 5 [ G 8&E%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j
+e, Vxssrvh Dvvxpswlrqv 4+l,/ 4+ll,/ 5 dqg 6 W krog1 Wkhq/ xqghu wkh qxoo Mrfc zh kdyh
7 ,
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+f, Vxssrvh Dvvxpswlrqv 4+l,/ 4+ll,/ 5 dqg 6 WW krog1 Wkhq/ xqghu wkh qxoo MRf c zh kdyh
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Wkh dv|pswrwlf qxoo glvwulexwlrqv ri ( c 7 dqg  ghshqg rq wkh wuxh sdudphwhuv iw&f G & ’
c    c gj dqg glvwulexwlrq ixqfwlrqv i8&E G & ’ c    c gj Wklv lpsolhv wkdw wkh dv|pswrwlf fulwlfdo
ydoxhv iru ( c 7 c  fdq qrw eh wdexodwhg rqfh dqg iru doo1 Krzhyhu/ d vxevdpsolqj surfhgxuh fdq
eh xvhg wr dssur{lpdwh wkh qxoo glvwulexwlrqv1
7 Fulwlfdo Ydoxhv edvhg rq Vxevdpsoh Errwvwuds
Lq wklv vhfwlrq/ zh frqvlghu wkh xvh ri vxevdpsolqj wr dssur{lpdwh wkh qxoo glvwulexwlrqv ri rxu whvw
vwdwlvwlfv1 Lq frqwudvw wr wkh vlpxodwlrq dssurdfk ri Nohfdq hw1 do1 +4<<3,/ rxu surfhgxuh grhv qrw
;
uhtxluh wkh dvvxpswlrq ri jhqhudol}hg h{fkdqjhdelolw| ri wkh xqghuo|lqj udqgrp yduldeohv1 Lqghhg/
zh uhtxluh qr dgglwlrqdo dvvxpswlrqv eh|rqg wkrvh wkdw kdyh douhdg| ehhq pdgh1
Zh qrz glvfxvv wkh dv|pswrwlf ydolglw| ri wkh vxevdpsolqj surfhgxuh iru wkh whvw ( +Wkh
dujxphqw iru wkh whvwv 7 dqg  lv vlplodu dqg khqfh lv rplwwhg,1 Ohw ‘ ’ iEt&c ~& G & ’
c    c gj iru  ’ c    c  Zlwk vrph dexvh ri qrwdwlrq/ wkh whvw vwdwlvwlf ( fdq eh uh0zulwwhq dv
d ixqfwlrq ri wkh gdwd i‘ G  ’ c    c j G
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c
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ghqrwh wkh glvwulexwlrq ixqfwlrq ri (  Ohw _cKc eh htxdo wr wkh vwdwlvwlf _K hydoxdwhg dw wkh vxe0
vdpsoh i‘c    c‘nK3j ri vl}h Kc l1h1/
_cKc ’ _KE‘c‘nc    c‘nK3 iru  ’ c    c   Kn 
Wklv phdqv wkdw zh kdyh wr uhfrpsxwh ew,E‘c‘nc    c‘nK3 xvlqj mxvw wkh vxevdpsoh dv zhoo1
Zh qrwh wkdw hdfk vxevdpsoh ri vl}h K +wdnhq zlwkrxw uhsodfhphqw iurp wkh ruljlqdo gdwd, lv lqghhg d
vdpsoh ri vl}h K iurp wkh wuxh vdpsolqj glvwulexwlrq ri wkh ruljlqdo gdwd1 Khqfh/ lw lv fohdu wkdw rqh fdq
dssur{lpdwh wkh vdpsolqj glvwulexwlrq ri ( xvlqj wkh glvwulexwlrq ri wkh ydoxhv ri _cKc frpsxwhg
ryhu   K n  glhuhqw vxevdpsohv ri vl}h K Wkdw lv/ zh dssur{lpdwh wkh vdpsolqj glvwulexwlrq
C ri ( e| eCcKE ’ 
  Kn 
3Kn[
'

s
K_cKc  


Ohw }cKE k ghqrwh wkh + k0wk vdpsoh txdqwloh ri eCcKEc l1h1/
}cKE k ’ ?ui G eCcKE   kj
Zh fdoo lw wkh vxevdpsoh fulwlfdo ydoxh ri vljqlfdqfh ohyho k Wkxv/ zh uhmhfw wkh qxoo k|srwkhvlv dw
wkh vljqlfdqfh ohyho k li ( : }cKEk Wkh frpsxwdwlrq ri wklv fulwlfdo ydoxh lv qrw sduwlfxoduo|
rqhurxv/ dowkrxjk lw ghshqgv rq krz elj K lv1 Wkh vxevdpsolqj errwvwuds kdv ehhq sursrvhg lq
Srolwlv dqg Urpdqr +4<<7, dqg lv wkrurxjko| uhylhzhg lq Srolwlv/ Urpdqr/ dqg Zroi +4<<<,1 Lw lv
<
zhoo nqrzq wr eh d xqlyhuvdo phwkrg wkdw fdq cvroyh* dq| sureohp1 Lq sduwlfxodu/ lw zrunv lq khdy|
wdlohg glvwulexwlrqv/ lq xqlw urrw fdvhv/ lq qrq0vwdqgdug dv|pswrwlfv/ hwf1
Zh qrz mxvwli| wkh deryh vxevdpsolqj surfhgxuh1 Ohw }E k ghqrwh wkh E k0wk txdqwloh ri
wkh dv|pswrwlf qxoo glvwulexwlrq ri ( +jlyhq lq Wkhruhp 4+d,,1
Wkhruhp 51 Vxssrvh Dvvxpswlrqv 406 krog1 Dvvxph K* $ f dqg K $ f dv  $ 4 Wkhq/
xqghu wkh qxoo k|srwkhvlv M_f c zh kdyh zkhq _ ’ f wkdw
E@ }cKE k R$ }E k
EK hd( : }cKE ko$ k
dv  $4
Vlqfh _ ’ f lv wkh ohdvw idyrudeoh fdvh/ zh kdyh wkdw
tT
_MM_
f
hd( : }cKE ko  k n JE
Wkh iroorzlqj wkhruhp hvwdeolvkhv wkh frqvlvwhqf| ri rxu whvw=
Wkhruhp 61 Vxssrvh Dvvxpswlrqv 406 krog1 Dvvxph K* $ f dqg K $ f dv  $ 4 Wkhq/
xqghu wkh dowhuqdwlyh k|srwkhvlv M_ c zh kdyh
h d( : }cKE ko$  dv  $4
Uhpdun1 Uhvxowv dqdorjrxv wr Wkhruhpv 5 dqg 6 krog iru wkh whvw 7 +  xqghu Dvvxpswlrqv
4+l,0+ll,/ 5 dqg 6W+6WW,1 Wkh surri lv vlplodu wr wkrvh ri wkh odwwhu wkhruhpv1
Lq sudfwlfh/ wkh fkrlfh ri K lv lpsruwdqw dqg udwkhu gl!fxow1 Ghojdgr/ Urguljxh}0Srr/ dqg Zroi
+5334, sursrvh d phwkrg iru vhohfwlqj K lq wkh frqwh{w ri k|srwkhvlv whvwlqj zlwklq wkh pd{lpxp
vfruh hvwlpdwru/ dowkrxjk qr rswlpdolw| surshuwlhv ri wklv phwkrg zhuh suryhq1
8 Qxphulfdo Uhvxowv
Wvh dqg ]kdqj +5333, kdyh surylghg vrph Prqwh Fduor hylghqfh rq wkh srzhu ri wkh dowhuqdwlyh
whvwv sursrvhg e| Gdylgvrq dqg Gxforv +5333,/ wkh GG whvw/ dqg Dqghuvrq +4<<9,1 Wkh| dovr vkhg
oljkw rq wkh frqyhujhqfh wr wkh Jdxvvldq olplwlqj glvwulexwlrq ri wkhvh whvwv1 Wkh hylghqfh rq wkh
odwwhu lvvxh lv qrw yhu| hqfrxudjlqj h{fhsw iru yhu| odujh vdpsoh vl}hv/ dqg wkh| frqfoxgh wkdw wkh
GG whvw kdv ehwwhu srzhu wkdq wkh Dqghuvrq whvw iru wkh fdvhv wkh| frqvlghuhg1 Lq wklv vhfwlrq zh
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uhsruw vrph qxphulfdo uhvxowv rq wkh shuirupdqfh ri wkh whvw vwdwlvwlfv dqg wkh vxevdpsoh fulwlfdo
ydoxhv1
Lq wkh lqfrph glvwulexwlrq hog/ dq riwhq hpslulfdoo| sodxvleoh fdqglgdwh lv wkh Exuu W|sh [LL
glvwulexwlrq/ Ekc q1 Wklv lv d wzr sdudphwhu idplo| ghqhg e|=
8 E% ’  E n %k3qc %  f
zkhuh q : *k : f1 Wklv glvwulexwlrq kdv d frqyhqlhqw lqyhuvh=
f ’ 83E ’ dE 3 q  o k c f   	 
Zh fdq jhqhudwh xqlirupo| glvwulexwhg udqgrp qxpehuv/ / lq rughu wr jhqhudwh yduldeohv f zlwk wkh
Exuu glvwulexwlrq iru glhuhqw ydoxhv ri wkh wzr sdudphwhuv1 Pdqlsxodwlrq ri wkh wzr sdudphwhuv zloo
surgxfh xqudqndeoh survshfwv/ dv zhoo dv grplqdqw rqhv1 Zh dovr frqvlghuhg qrupdo glvwulexwlrqv1
Zh lqyhvwljdwhg yh glhuhqw +& ’ 2, ghvljqv=
G41 f  Ee.c fDD ^_ ’ r ’ f ohdvw idyrudeoh fdvh‘
G51 f  Ee.c fDD dqg f2  EfDDc e. ^_ ’ fSHc r ’ f ‘
G61 f  Ec  dqg f2  EfDc  ^_ ’ fDfc r ’ ff..‘
G71 f  Ec S dqg f2Efc  zlwk pxwxdo fruuhodwlrq ri fD ^_ ’ f2f.c r ’ fe‘
G81 f  Efc e dqg f2  Efc  zlwk pxwxdo fruuhodwlrq ri fD ^_ ’ fS2c r ’ f‘
Ghvljq G4 zdv xvhg e| Wvh dqg ]kdqj +5333,/ zkloh G7 zdv xvhg lq PfIdgghq hw do1 +4<<4,1 Lq
hdfk fdvh zh glg c fff uhsolfdwlrqv1
Zh fkrvh d wrwdo ri qlqh glhuhqw vxevdpsolqj uxohv
KE? ’ S?
@
zlwk S 5 i2c 2Dc j dqg @ 5 ifc fDc f.Djc zkhuh ? 5 i2Dfc Dffc fffj
Uhjduglqj wkh frpsxwdwlrq ri tT%Mc d8E%82 E%o dqg tT%Mc
U %
3"
d8E+82 E+o_+c zh
frqvlghuhg vhyhudo dssurdfkhv1 Rqh phwkrg lv wr frpsxwh
4@ 
$$^E?
d8Ef
W
  82EfW oc
zkhuh fW c  ’ c    c ^E? zhuh errwvwuds gudzv iurp wkh srrohg pdujlqdo dqg ^ ’ ^E?  ? D
vhfrqg dssurdfk lv mxvw wr xvh dq htxdoo| vsdfhg julg rq wkh udqjh ri wkh srrohg glvwulexwlrq1 Lq
sudfwlfh/ erwk wkhvh phwkrgv zrun vdwlvidfwrulo|/ exw zh kdyh irxqg ehwwhu shuirupdqfh zkhq zh
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dovr cwulp* rxw h{wuhph revhuydwlrqv1 Wklv lv hvshfldoo| olnho| lq wkh Exuu fdvh1 Lq wkh h{shulphqwv
zh uhsruw khuh zh fkrvh dq htxdoo| vsdfhg julg ri srlqwv rq wkh 8( v|pphwulfdoo| wulpphg srrohg
vdpsoh1 Zh fkrvh ^ ’ ?
Wkh uhvxowv duh vkrzq lq Wdeohv 408/ Wdeoh  fruuhvsrqglqj wr ghvljq 1 Lq Ghvljq 4/ vl}h glvwruwlrq
lv odujhu iru IRVG wkdq VRVG/ exw lpsuryhv zlwk vdpsoh vl}h1 Lq G5/ wkh uhmhfwlrq iuhtxhqflhv iru
IRVG duh hvvhqwldoo| }hur/ uh hfwlqj wkh qhjdwlylw| ri _ khuh1 Wkh uhmhfwlrq iuhtxhqf| iru VRVG lv
forvh wr rqh iru vpdoo vxevdpsohv/ exw wkh odujhu vxevdpsohv vkrz pxfk vpdoohu uhmhfwlrq iuhtxhqf|>
suhvxpdeo|/ vrphzkhuh lq ehwzhhq wkhuh lv d vxevdpsoh wkdw kdv wkh uljkw uhmhfwlrq iuhtxhqf|1 Lq
G6/ wkh srzhu lv ehwwhu iru IRVG wkdq iru VRVG/ exw lq erwk fdvhv srzhu lqfuhdvhv zlwk vdpsoh
vl}h1 Lq wkh pxwxdoo| ghshqghqw ghvljqv G70G7 wkh uhvxowv duh yhu| vlplodu1 Lw lv fohdu wkdw zkhq
survshfwv duh vhfrqg rughu pd{lpdo rqh qhhgv yhu| odujh vdpsohv +vxevdpsohv, wr ghwhfw lw1 Wklv
pdnhv shuihfw vhqvh vlqfh/ hvshfldoo| iru zhdnhu ohyhov ri VVG/ dv lq G50G6/ wkh furvvlqjv  rffxu
yhu| odwh lq wkh uljkw wdlov1
Iljxuhv 406 vkrz wkh hhfw ri vxevdpsoh vl}h rq uhmhfwlrq iuhtxhqf| lq Ghvljq 4 iru wkh fdvh wkdw
k ’ ffD= wkh VRVG whvw dozd|v kdv d vxevdpsoh vl}h wkdw pdnh uhmhfwlrq iuhtxhqf| h{dfwo| 31381
Wkh IRVG whvw lv shuvlvwhqwo| ryhuvl}hg/ exw wklv lpsuryhv zlwk vdpsoh vl}h1
Ilqdoo|/ zh dssolhg rxu whvwv wr d gdwdvhw ri gdlo| uhwxuqv rq wkh Grz Mrqhv Lqgxvwuldov dqg wkh
V)S833 vwrfn uhwxuqv iurp ;2572;; wr ;255233/ d wrwdo ri 6464 revhuydwlrqv1 Iljxuhv 7 dqg 8 sorw wkh
f1g1i1*v dqg v1g1i1*v ri wkh wzr vhulhv1 Qrw vxusulvlqjo|/ rxu whvw uhmhfwv wkh qxoo k|srwkhvlv wkdw _  f
dw wkh 8( ohyho iru dq| ri wkh qlqh vxevdpsoh vl}hv lq rxu julg/ zkloh zh dffhsw wkh qxoo k|srwkhvlv
wkdw r  f dw wkh 8( ohyho iru doo exw wkh yhu| odujhvw vxevdpsoh vl}hv1 Iljxuh 9 frpsduhv wkh v1g1i1*v
ri wkh joredoo| vwdqgdugl}hg uhwxuq vhulhv ^l1h1/ Eo|  o*roc zkhuh o lv wkh vdpsoh phdq dqg r2o lv wkh
vdpsoh yduldqfh‘> qrz dv h{shfwhg zh fdq*w uhmhfw wkh qxoo ri qr vhfrqg rughu grplqdwlrq dw wkh 8(
ohyho/ exw wkhuh grhv dsshdu wr eh vrph vhfrqg rughu grplqdwlrq lq wkh uljkw wdlo/ zklfk vxjjhvwv
wkdw phdq dqg yduldqfh dorqh duh qrw vx!flhqw vwdwlvwlfv iru wkh lqyhvwru1
9 Frqfoxglqj Uhpdunv
Wkh vxevdpsoh errwvwuds dsshduv wr eh dq hhfwlyh zd| ri frpsxwlqj fulwlfdo ydoxhv lq wklv whvw ri
vwrfkdvwlf grplqdqfh/ gholyhulqj jrrg shuirupdqfh iru vdpsoh vl}hv dv orz dv 5831 Pxfk zrun uhpdlqv
wr eh grqh1 Iluvw/ zh lqwhqg wr hydoxdwh rxu whvw rq pruh ghpdqglqj vlwxdwlrqv ri whvwlqj iru survshfw
grplqdqfh zlwk wlph vhulhv gdwd dqg pdq| survshfwv1 Wklv fhuwdlqo| lv d fkdoohqjlqj vlwxdwlrq1
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